In this note 35 new extremal binary self-dual doublyeven codes of length 88 are presented. Their inequivalence is established by invariants. Moreover, a construction of a binary self-dual [88, 44, 16] code, having an automorphism of order 21, is given.
Introduction
A binary [n, k] code C is a k-dimensional vector subspace of F n 2 , where F 2 is the field of two elements. The weight of a vector is its number of nonzero coordinates.
An [n, k, d] code is an [n, k] code with minimum weight d. A code C is self-dual if C = C
⊥ where C ⊥ is the dual code of C under the standard inner product. A selfdual code C is doubly-even if all codewords of C have weight divisible by four, and singly-even if there is at least one codeword of weight ≡ 2 (mod 4). Self-dual doubly-even codes exist only when n is a multiple of eight. It is known [8] that for a self-dual [n, n/2, d] code: d ≤ 4 n 24 + 4, if n ≡ 22 (mod 24), and d ≤ 4 n 24 + 6, if n ≡ 22 (mod 24). If n is a multiple of 24, then any self-dual code meeting the first bound must be doubly-even. Self-dual codes which reach these bounds are called extremal.
The weight enumerator of a [n, k] code is the poly-
A i y i , where A i is the number of the codewords of weight i. The weight enumerator of extremal doubly-even self-dual codes of a given length is uniquely determined [2] . Two binary codes are equivalent if one can be obtained from the other by a permutation of the coordinates. A permutation σ of n elements is an automorphism of a code C if C is equal to its image σ(C).
The set of all automorphisms of a code C forms the automorphism group Aut(C) of C. 
New Extremal Self-Dual Doubly-Even Codes of Length 88
We construct [88,44,16] doubly-even self-dual codes under the assumption that they have an automorphism of order 21 and by applying some of the properties developed in [6] for codes over a finite field GF (q) having an automorphism of order relatively prime with q.
Let C be an [88,44,16] self-dual doubly-even code having an automorphism σ of order 21 with 4 cycles Ω 1 , Ω 2 , Ω 3 , Ω 4 of length 21 and 4 fixed points Ω 5 , Ω 6 , Ω 7 , Ω 8 :
Then, the code C has an automorphism of order 3 with 28 cycles and 4 fixed points, and an automorphism of order 7 with 12 cycles and 4 fixed points [1, Prop. 
where v|Ω i is the restriction of v to Ω i . Consider the map π : F σ (C) → F Proposition 1. Let C be a self-dual doubly-even code of length 88 with automorphism σ as defined in (1) . 
where 1 is the all-one vector of length 21 and the blanks are zero's.
Denote by P the set of even-weight polynomials in the factor-ring
. The factorization of the polynomial x 21 − 1 over the binary field is given by
and h 5 (x) = 1 + x 2 + x 3 + x 4 + x 5 + x 6 are irreducible polynomials over F 2 .
Let I j be the ideal of R 21 generated by the polynomial
. Then, I j is a cyclic code which is isomorphic to the field F As a primitive element of I j , j = 0, . . . , 5, we use 
20 , for i = 1, 2, 3, 4. Corresponding to the map ϕ we can take a generator matrix for the subcode ϕ(E σ (C) * ) of the form
The corresponding generator matrix of the subcode 
where X and Y are defined in (2) 
and (3).
A computer check shows that many self-dual doubly-even codes with a generator matrix of the type (4) Table 1 . We note that if the value of γ i (x) or β i (x) is 0 then the corresponding entry for t i or s i is empty.
The weight enumerator of an extremal doubly-even self-dual [88,44,16] code is uniquely determined and given in [2] . Any such code must have 32164 codewords of weight 16, i.e. A 16 = 32164. To prove inequivalence of the codes we use the same invariants as in [4] and [3] . Let M be the set of all 32164 codewords of weight 16 and A i,j be the number of the codewords of M that have 1's at the coordinate positions i and j. It is clear that the set of numbers {A i,j | 1 ≤ i < j ≤ 88} is an invariant for equivalent codes. So, the smallest and the largest element m(2) and M (2), respectively, in the set are invariants as well.
The values of m(2) and M (2) for the codes C 1 , C 2 , . . . , C 35 are listed in Table 1 . Table 1 implies that the presented new 35 extremal self-dual codes of length 88 are inequivalent and moreover, together with the data in [5] and [3] it follows that these codes and the codes given in [4] and [3] are inequivalent as well. 
